We show that in the isentropic scenario the first order thermodynamical particle creation model gives an emergent universe solution even when the chemical potential is non-zero. However there exists no emergent universe scenario in the second order non-equilibrium theory for the particle creation model. We then point out a correspondence between the particle creation model with barotropic equation of state and the equation of state giving rise to an emergent universe without particle creation in spatially flat FRW cosmology.
Introduction
The standard model of cosmology, namely, the big-bang model is known to have an initial singularity. Attempts to avoid this singularity has been a central area of research. Emergent universe models have attracted considerable interest in this context [1] - [5] . This is a model which in the infinite past (t → −∞) is almost static and then proceeds to have an inflationary behaviour. The first approach that led to an emergent universe scenario involved that of a closed universe with only radiation [1] . It was shown later that such a model can also emerge from closed universes having a minimally coupled scalar field with a particular form for the self-interacting potential V (φ) [2, 3] . An interesting way to obtain an emergent universe was demonstrated later in [4] . Here, an ad hoc equation of state, non-linear in form was proposed which led to an emergent universe solution.
Cosmological models with matter creation have also been a prime area of research to understand the origin of cosmological entropy and matter content. Models have been proposed which could explain the creation of matter but were unable to explain the entropy production [6] - [12] . An important step was taken in [13, 14] to provide an argument for the production of entropy. The formalism augments the field equations of Einstein by introducing a conservation equation for particles. In a recent paper [15] , it has been shown that one can have an emergent universe scenario in the context of this formalism which allows for an irreversible creation of matter at the cost of the field of gravitation.
Recently in [16] it was shown that the first order formalism of non-equilibrium thermodynamics with dissipation due to particle creation mechanism with a barotropic equation of state leads to an emergent universe scenario. An important point to note is that the chemical potential is set to zero in this analysis. It is however not at all clear whether the emergent solution still exists when the chemical potential is non-vanishing. In this paper we carry out a careful thermodynamic analysis to show explicitly that there exists an emergent universe scenario even in the presence of a non-vanishing chemical potential in the first order formalism of non-equilibrium thermodynamics with matter creation. Further, it was discussed in [16] that the second order theory of non-equilibrium thermodynamics with matter creation also admits an emergent universe scenario. We differ from this result in our paper. We have argued that there can be no emergent universe scenario in the second order theory.
Finally, we have shown an interesting duality between the particle creation model with barotropic equation of state and equation of state (non-linear in form) leading to an emergent universe. We have identified the constants appearing in the non-linear equation of state with the adiabatic index and the effective bulk viscous coefficient.
The paper is organized as follows. In section 2, we have presented the basic formalism of thermodynamics of the creation of matter in the cosmological context. In section 3, we have discussed the first order formalism of non-equilibrium thermodynamics with matter creation. In section 4, we have discussed the second order formalism of non-equilibrium thermodynamics with matter creation. In section 5, we discuss a correspondence between matter creation model for barotropic fluid and equation of state for emergent universe. We conclude in section 6.
Thermodynamics of matter creation in cosmology
Let us consider a volume V containing N particles. From the first law of thermodynamics we have for a closed system [13, 14] 
where dQ is the heat received by the system, E is the total internal energy of the system and p is the thermodynamic pressure. This can be recast as
with ρ = E/V being the energy density. For adiabatic closed systems, dQ = 0 and this equation takes the form
The standard equations of general relativity read
where κ = 8πG and we set κ = 1 in the subsequent discussion. Here T µν is the stress tensor corresponding to an ideal fluid
Einstein's equations when combined with the Bianchi identities leads to eq.(3) for homogeneous and isotropic universe with V representing the comoving volume.
In case of open systems where the particle number is not conserved, eq.(2) needs to be modified [13, 14] 
where h = ρ + p is the enthalpy per unit volume and n = N/V is the number density of particles. For adiabatic transformation (dQ = 0), eq.(6) takes the form
Matter creation corresponds to an additional pressure Π and therefore the true thermodynamical pressure becomes (p + Π). This can be seen from eq. (7) as
where
Eq. (8) is similar in form to that of a closed adiabatic system (3) but with the presence of an additional pressure Π due to matter creation. Choosing
for an isotropic and homogeneous universe leads to
where a(t) is the scale factor and H =ȧ/a is the Hubble parameter. The creation of matter for an open thermodynamical system is mathematically expressed as [13, 14] ṅ
where ψ is the matter creation rate. Putting ψ = nΓ in the above equation and rearranging, we haveṅ
Using this in eq. (11), we get
The above equation implies that the additional pressure Π gets determined by the rate of particle production Γ. The thermodynamical relation (8) can be recast in the form
which on using eq.(10) leads toρ
Eq. (14) can also be obtained from the Gibbs equation
where ds = dS/N and dq = dQ/N . The particle number conservation equation (13) together with the energy conservation eq. (16) can now be used to obtain the entropy variation from the Gibbs relation (17) . This reads
with T being the temperature of the fluid. In case of an adiabatic process the entropy per particle s does not change and hence we recover eq. (14). Eq. (16) is also a consequence of the conservation of the stress tensor
where the stress tensor T µν is given by
with u µ being the particle 4-velocity. Note that Π is said to be the bulk viscous pressure generating due to particle creation. With this form of the stress tensor, the field equations of Einstein read
Substituting the form of the bulk viscous pressure Π (eq.14) in eq.(22) and then using eq.(21) along with the barotropic equation of state
with γ being the adiabatic index, yields
The above equation can be recast as
First order formalism
In this section we investigate whether there exists an emergent universe scenario in the first order formalism of non-equilibrium thermodynamics [17] . The entropy flow vector in this theory is defined as
Using the conservation equation for particles (12) and eq. (14) which is obeyed for isentropic transformations, one gets
where the chemical potential µ is given by the Euler's relation
Now for the second law of thermodynamics to hold (∇ µ s µ ≥0), one assumes [17] 
where ζ is called the coefficient of bulk viscosity and is a constant. Using the above relation in eq.(27) gives
Eq.(29) can be recast as
Substituting Γ in terms of Π from eq. (14) in the above equation leads to
Using the Euler relation (28) in the above equation yields
From the above relation and eq. (14), we have
Using this in eq.(25) and using eq.(s) (21) and (23) gives
Now in [16] it has been shown that for the chemical potential µ = 0 there exists an emergent universe scenario in the first order formalism of non-equilibrium thermodynamics developed in [17] . This can be seen by putting µ = 0 in eq.(28) and then using eq.(34) to give ζ e = ζ. Eq.(36) then simplifies to
It is then easy to see that the solution of this equation gives rise to an emergent universe scenario [16] . However it is not clear whether there exists an emergent universe scenario for µ = 0. This is because in this case we have from eq. (28) nT s
which in turn implies (from eq. (34))
It is not clear from this expression whether ζ e is a constant or not. We now proceed to show that ζ e is indeed a constant. The first step is to use eq.(s) (14) and (23) 
Solving this equation yields
where K is an integration constant. We also need to find an evolution equation for the temperature in the matter creation scenario. To do so we first consider ρ = ρ(T, n) by regarding T and n as the basic thermodynamic variables. Using this along with eq.(s) (12) and (16) yieldṡ
where Φ = ∇ µ u µ = 3H is the fluid expansion [18] . On the other hand, the fact that ds is an exact differential leads to [19] 
From eq.(s) (43) and (44), we arrive at the following relatioṅ
Now using the relation for Π in terms of ψ (14) which holds in the isentropic case (ṡ = 0) and then using eq.(44), the above equation takes a simple forṁ
Using the barotropic equation of state (23) in the above equation, we geṫ
Integrating this we get
where C is an integration constant. Now plugging these expressions for ρ(n) and T (n) in eq.(34), we get
This clearly shows that for an isentropic process, ζ e is also a constant. Hence eq.(36) once again has an emergent universe solution. This can be seen by solving eq.(36) to yield
where C 1 is a constant of integration. Integrating once more we get
where C 2 is a constant of integration. This expression for a(t) has the properties of an emergent universe [4] . Therefore the first order theory [17] allows an emergent universe scenario even when the chemical potential is non-vanishing.
Second order formalism
In this section we shall discuss that there exists no emergent universe scenario in the second order formalism of non-equilibrium thermodynamics [20, 21] . The entropy flow vector in the second order theory (considering deviations away from the equilibrium) is chosen to be [20, 21] 
where τ is the relaxation time that determines the relaxation from states withṡ > 0 to those withṡ = 0. It is to be noted that this theory is a causal theory in contrast to the first order theory (discussed earlier) which is a non-causal theory. The introduction of a finite relaxation time makes this theory physically different from the first order theory. The divergence of the entropy reads [20, 21] 
Once again for the second law of thermodynamics to hold, one chooses
This therefore gives ∇ µ s µ = Π 2 /(ζT ) ≥ 0. As a consequence of this the effective bulk viscous pressure Π now becomes a dynamical variable and has the following causal evolution equation [20, 21] 
As τ → 0, Π does not remain a dynamical variable any more and reduces to the usual relation Π = −3ζH. It is also a simple matter to see that the evolution equation for Π is difficult to solve due to its complicated nature. However, it was argued in [16] that there still exists an emergent universe scenario in this formalism if one chooses the matter creation rate Γ to be a constant phenomenologically and then solve eq.(25) which leads to an emergent universe solution.
In this paper we would like to mention that there is a problem with this argument which can be seen as follows. It should be noted that eq.(25) follows from the isentropic condition (14) . This implies that choosing the matter creation rate Γ to be a constant phenomenologically fixes Π = −3ζH which follows from eq. (14) . This in turn implies taking the τ → 0 limit which no longer renders Π to be a dynamical variable. Therefore, it is evident that there exists no emergent scenario in the second order formalism of non-equilibrium thermodynamics.
Duality between matter creation and equation of state for emergent universe
In this section we discuss a duality between matter creation with barotropic equation of state and the non-linear equation of state which gives rise to an emergent universe scenario. For the non-linear equation of state [4] (which gives rise to an emergent universe scenario)
where A and B are constants, one gets from eq.(s) (21) and (22) 2Ḣ = −(3A − 1)H 2 + √ 3BH.
Comparing it with eq.(36) (which also leads to an emergent universe solution) obtained in a matter creation scenario with a barotropic equation of state (23), one gets
Thus we find that a non-linear equation of state (56) with the constants A and B being identified with the adiabatic index γ and the bulk viscosity coefficient ζ e is identical to a universe with matter creation and a barotropic equation of state (23).
Conclusion
In this paper we have obtained an emergent universe scenario in the most general case of the chemical potential being non-zero in the first order non-equilibrium thermodynamics with matter creation. It is worth mentioning that such a solution was shown to exist under a restricted condition, namely, for vanishing chemical potential. We have then argued that there exists no emergent universe solution in the second order theory of nonequilibrium thermodynamics which is a causal theory. Finally we demonstrate a duality between matter creation for barotropic fluid and equation of state for emergent universe.
